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Abst rac t - -Th is  work deals with the guidance and control of the motion of a trolley. The trolley is 
composed from two rear wheels, each of them controlled separately, and from two front castor wheels 
(see Figure 1). Given N points Pi, i = 1,... ,N in the horizontal plane, a finite time interval [0, t$], 
and a sequence of times vl = 0 < ~-2 < • " < rN = t I. Based on a dynamical model of the trolley, 
and by using the concept of path controllability, acontrol aw for the trolley's rear wheels is derived, 
to steer the trolley's center (x, y) in such a manner that (x, y) will pass through Pi at the time ~-~, 
i = 1,..., N, respectively. 
Keywords- -Tro l ley,  Nonholonomic onstraints, Nonlinear systems, Path controllability, Motion 
planning. 
1. INTRODUCTION 
This work deals with the control and guidance of a trolley moving on the horizontal (X, Y)-plane. 
The trolley is composed of two rear wheels, each of them controlled separately, two front castor 
wheels, and some connecting frames (see Figure 1). Given N points Pi, i = 1, . . . ,N  in the 
(X,Y)-plane,  a time interval [0, t/ I ,  and a sequence of times T1 = 0 < r2 < . . .  < rN = t I .  The 
problem considered in this work is as follows. Find a control law to each of the rear wheels, 
that  is, to wheel 1 and to wheel 2, such that a point (x,y),  representing the trolley's center of 
mass (see Figure 1), will move in such a manner that (x, y) will pass through Pi at the time 
T~, i = 1 , . . . ,  N,  respectively. Note that the motion of the trolley is subjected to nonholonomic 
constraints [1]. 
d~(t))x If for any two points Q1 and Q2 in R 4, and for any time Let u(t)  = (x(t) ,  d~d-~ , y(t) ,  dt " 
interval [Ti, Ti+I], control functions for the two rear wheels can be found such that  the trolley will 
move from u(vi) = Q1 to u(Vi+l) = Q2, then we say that the trolley is path controllable. 
In this work, first a dynamical model for the trolley's motion is derived. Then, by using the 
concept of path controllability, a straightforward method for constructing a control law for the 
problem posed here, is proposed. The concept of controllability for nonlinear systems is given, for 
example, in [2,3], and in the references cited there (see also a recent tutorial representation [4] on 
developments in nonholonomic control systems). The conditions described there for establishing 
controllability depend on the structure of the Control Lie Algebra of the system. However, 
checking these conditions is not an easy task for a nonlinear system of high order. The procedure 
described here for constructing control laws, circumvents dealing with the Control Lie Algebra 
and was applied successfully in [5,6] to nonlinear systems in R 9, and in [7] to a nonlinear system 
in R 1°. The problem dealt with here falls within the category of robot motion planning [8]. 
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Figure 1. Top view of the trolley. 
2. K INEMATICAL  MODEL OF TROLLEY  
In this work, we consider the control of a trolley moving on the horizontal (X, Y)-plane. Let 
I, J and K be unit vectors along the inertial (X, Y, Z)-coordinate system. Denoted by 
/ca = cos CaI + sin Ca J, (1) 
a unit vector along the axle that passes through the centers of the rear wheels, that is, wheel 1 
and wheel 2, and let 
ki = cos ¢ i I+  sin ¢iJ, i = 3, 4 (2) 
be unit vectors along the axes of the free castor wheels, that is, wheel 3 and wheel 4, respectively. 
Denote by La the length of the axle between wheels 1 and 2, and denote by Lb the distance from 
the above mentioned axle to point 3 or to point 4 (see Figure 1). Thus, we have the following 
holonomic relations 
Xl + x2 Yl + Y2 
Xa - 2 ' Ya = 2 ' (3) 
Xal = Xl  + -~ cosCa, Yal =Yl  + -~-~ sin Ca, (4) 
3La 3La 
Xa2 = Xl "4- - '~  cos Ca, Ya2 = Yl -4- ~ sin Ca, (5) 
x3 = xa2 + LbsinCa, Y3 =Ya2 -- LbcosCa, (6) 
X 4 = Xa l  "~ L b sin Ca, Y4 = Yal - Lb COS Ca, (7) 
Lb sin Ca, Lb cos Ca. (8) x=za+  y=yo- - 
It is assumed here, that the four wheels are roiling without slipping. This leads to the following 
nonholonomic constraints (see [6]), 
#:i = a(bi sin Ca, Yi = -a¢ i  cos Ca, i = 1,2, (9) 
xi = b~), sin ¢i, ?~ = -b¢i  cos¢,, i = 3,4, (10) 
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where ¢i, i = 1, 2, 3, 4 denote the angular velocities of wheels 1, 2, 3, 4 respectively, b denotes 
the radius of wheels 3 and 4, a denotes the radius of wheels 1 and 2, b < a, and (xi, yi, zi), 
i = 1, 2, 3, 4 denote the coordinates of the centers of wheels 1, 2, 3, 4 ,  respectively. Also, (x, y) 
denotes the center of mass of the trolley. Note that zi -- a, i = 1, 2, and zi -- b, i = 3, 4. 
Hence, using equations (3)-(10) the following set of equations i  obtained 
a (2 ) (Lb)  ~=-~wlsinCa+ ~a w2 cOSCa, (11) 
a (2)(Lb)w2sinCa, (12) = -5 1 cos Ca + 
a 
& = (13) 
where 
W1 = ~)1 -{- ~)2, W2 = ~1 -- ~)2" (14) 
And, in addition we obtain the following constraint equations 
(¢1- -~)  s in(Ca- ¢4)-4- Aw2 COS(Ca--¢4)----0, (15) 
(@2 + 4)  sin(Ca - Ca)+ Aw2 cos(Ca - ¢3)-- 0, (16) 
where A = Lb/La. Given {(wi(t),w2(t)),t > 0}. Then, (11)-(13) determine {(x(t),y(t), Ca(t)), 
t _> 0}. Hence, given {(wl(t),w2(t),Ca(t)), t _> 0 }, equations (15), (16) determine, at each in- 
stant, the values of ¢3(t) and ¢4(t). Thus, equations (11)-(13) constitute here the kinematical 
model for the motion of the trolley. 
3. DYNAMICAL  MODEL OF TROLLEY  
In this section, the Lagrangian method [1,9] is applied to obtain the dynamical model for the 
motion of the trolley. In the sequel, it is assumed here that the masses and moments of inertia 
of the front castor wheels are negligible in comparison to the corresponding values of the rear 
wheels and the frame of the trolley. Thus, the kinetic energy for the trolley motion is given by 
1 llB¢2a 1I (¢21 +~2 ) (17) T = + y2) + + 
Z ~ W , 
where m is the total of the masses of the trolley's frame and the rear wheels, IB is the moment 
of inertia of the trolley's frame, and Iw is the moment of inertia of each of the rear wheels. 
In addition, the geometric and kinematic onstraints on the trolley's motion, discussed in the 
previous ection are represented by (11)-(13). Thus, (11)-(13) are considered here as nonholo- 
nomic constraints on the trolley's motion (although (13) is an holonomic onstraint). Hence, the 
Lagrange quations, for the case of nonholonomic constraints [1,9], turn out here to be 
d oT OT o5 
- -  : )k l ,  (18)  dt Ox 
dOT -~ o7" 
- (19) dt Oy 
or  
- -  - (2o)  dt OCa 
dt 
d~__._ 
8¢/,2 
dt 
OT 
O~/J1 
a . Aa  a 
- -  - - -A3 + F¢I, - Al~(SmCa +AcosCa) + 2~(cosCa Asin~a)  La 
07' a $a  a A 0¢2 = Xl~(-s inCa + XcosCa) + 2~(cosCa + XsinCa) + ~ 3 + F¢2, 
(21) 
(22) 
50 Y. YAVIN 
where )h, i = 1, 2, 3 are the Lagrange multipliers, and F~ and F02 are the applied moments 
(torques) on wheels 1 and 2, respectively. 
By using equations (17)-(20) and (11)-(13) one can find the expressions for ),~, i = 1,2,3. 
Then, first inserting these expressions of hi in (21), (22) and then, 
(i) by adding (22) to (21) equation (23) yields, or, 
(ii) by substructing (22) from (21) equation (24) is obtained. 
(Iw-~-ma-~)oJ1 : ()~-~a) (m~)o.)2-~-rl, (23)  
[ (a2) )~s  (a )  2] - (A  a )  (as )  
Iw  + m-~ + 218 -~a d~s = -~a m--~ WlW2 + Fs, (24) 
where 
r l  = F¢1 + F~2, F2 = F¢1 - F~2. 
In the sequel, the following notation will be used 
(25) 
I1 = Iw + m-~ , I2= Iw + rn-~ + 2IB , (26) 
B, = (~ a/L.) (m a2/2) (~ a/La) (m  2/2) (27) 
I1 , B2  = /2 
Define the following state variables, x1 = X, X 2 ~--- y, x3 = Ca, x4 = wl and x5 = w2. In this work 
we use the following control functions, ul and us, defined by 
F1 ['2 
u, = ~,  Us = 7"  (28) 
Thus, we have the following set of state equations 
dt = x4 sinx3 + Ax5 cos x3, (29) 
dt = - x4 cosx3 + )~x5 sinx3, (30) 
dt = xs, (31) 
dx----d4 = B1 x 2 + Ul, (32) 
dt 
dx5 
- Bsx4x5 +us. (33) dt 
Equations (29)-(33) constitute here the dynamical model for the motion of the trolley, whereas, 
equations (16) and (15) determine at each instant the values of ¢3 and ¢4, respectively. 
4. PATH CONTROLLABIL ITY  
In this section, we will show that the system dealt with here is path controllable. Define the 
following functions 
o[ ] 
gl = -~ BlX2sinx3 - AB2xax5cosx3 + x5(x4cosx3 - Axasinx3) , (34) 
a [ -B lX25C°SXa-~B2x4x5s inx3+(~a)  1 g2 = -~ Xs(X4 sin x3 + )~x5 cos x3) • (35) 
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Then by inserting (32), (33) into the equations for ~ and ~ and using (34), (35) we obtain 
dt  ~ dt  ~ 
. = a + , (36) 
us g2 
dt2 -] 
where 
[ (2 )  sinx3 (2 )  AcOsx3 ]
fl 
-(2) COSX3 (2)As inx3 @ 
Furthermore, det f~ = a s A/4. By choosing a feedback control aw of the form 
(37) 
[ul]u2 (38) 
which is defined for all ~} = (Xl, x2, x3, x4, Xs) 6 R 5, (36) and (38) yield 
d2zl ] 
dSx2 1 v2 " 
dt s J 
(39) 
d~ d_~ (39) leads to Using the notation ux = x, u2 = ~-~, 123 ~-  y, Y4 -~-  r' 
du(t) _ Au(t) + By(t) ,  t e [0, ti], (40) 
dt 
where 
/1 = {Y(t) = (Yl(~), YS(t), V3(t),/14(~:)) T, t e [0, tf] },  
V = {v( t )  = (V l ( t ) ,v2( t ) )X , t  6 [0, t / I} ,  
and 
A= 0 0 B= (41) 
0 0 ' 
0 0 
The system given by (40), (41) is controllable [10]. That is, for any two points QI and Qs 
in R 4 and any time interval [Ti, Ti+I], one can find a control function v(t), t 6 [ri, ri+l], such that 
v will move from v(n) = Q1 to/2('/ ' /+1) = Q2. 
Let Qi, i = 1 , . . . ,  N be given points in R a. Define the following control aw 
vo(t)  = (exp ((n+l - t)A) B) T C~ -1 (v(r,+l) - exp ((ri+l - r,)A) v(r i ) ) ,  
t 6 [ri, r,+l), i = 1 . . . . .  N - 1, 
(42) 
where 
/ r lq -  1 Ci = exp ((ri+l - t)A) B (exp ((ri+l - t)A) B) T dt, 
J T i 
i = 1 , . . . ,N -  1, (43) 
and v(ri) = Q~ and v(ri+l) = Qi+l, i = 1 , . . . ,N  - 1. The control law vo transfers v from 
v(ri) = Qi to u(ri+l) = Qi+l, i = 1, . . . ,  N - 1, [10]. 
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Denoted by ~(t, ~/; u), t E [0, tl] the solution to (29)-(33) such that ~(0, ~/; u) = y E R 5. Here, 
u = {u(t) = (ul(t),u2(t)) T, t e [0,tf]}. Then, by using the control law 
UCl(t)] =~_i(t)[voi(O-g,(t) ] 
uc2(t) J [vo2(t) - g2(t) ' t E [0, ts], (44) 
in (29)-(33), where uc(t) = (uct(t), uc2(t)) T and vo(t) = (VOl(t),vo2(t)) T, t e [0,t/], we 
obtain 
=O,+x, (45) -~, uc) t--~,+,' 5(r~+1, u~; uc), ~- ,  
i = l , . . . ,N -1 .  
Let P~ = (xli, x2i), i = 1, . . . ,  N. Then ~h = (x11, x2t, x3(0), x4(0), xs(0)) , and we take 
( dxl dx2 ~T 
Q1 = x11, -~-  t=0'x21' dt t=o] ' (46) 
where ~ g dt t=0, k = 1, 2, are computed via (29), (30). However, {Qi}i=2 are taken as 
Qi = (Zli,Cl(i),z2i,c2(i)) T , i = 2, . . .  ,N  - 1. (47) 
where ck(i) = d~---~[t=r,, k = 1,2, i = 2 , . . . ,N  are design parameters that one can choose to 
p. N specify the trolley's velocity at the points { i}i=2" Hence, the value of ~ is determined by 
(o(i),c2(i)), and the motion of ¢( ' ,~i -1;uc)  in [Ti-l,Ti), i = 2, . . .  ,N  - 1. Hence, the system 
given by (29)-(33) is path controllable. 
5. A NUMERICAL  EXAMPLE 
In this example we deal with a case in which La = 1.0 m, Lb = 1.0 m, a = 0.05 m; mw = 1 Kgm, 
ms  = 8 Kgm, where mw and ms are the masses of each of the wheels and of the trolley's frame, 
respectively, and 
1 2 IB = roB12, (L2a + L~)' Iw  = ~mwa , m = mw + mB. (48) 
In addition, ~1 - - - -  (0, 0, ?r/2, 0, 0) and PI = (0,0), P2 = (2,5), (O(2),c2(2)) = (0,2), P3 = 
(12,5), (c1(3),c2(3)) = (2,0), P4 = (12,10), (c1(4),cu(4)) = (0.5,0.5), P5 = (22,10), 
(C1(5) ,C2(5) )  = (2 ,0 ) ,  P6 --- (22 ,0 ) ,  (O(6),c2(6)) = (0 ,0 ) ,  tf  = 25s, T 1 = 0 .08,  T 2 = 58, 
73 ---- 10s, T4 = 15s, 75 ---- 20s, and 7"6 = 25. That is, at t - -  t I the point (x,y) has to come 
to rest. The numerical results, some of which are presented at Figures 2-4, showed that the point 
6 6 (x(.), ~(.), y(.), 9(')) passed through the points {Qi}i=l at the times {Ti}i=l, respectively, with 
a maximum error of 2.0 • 10 -3. However, these errors can be reduced by using a smaller time 
step in the numerical solution of (29)-(33). The time step used here in the numerical solution of 
(29)-(33) was A = 1/400 sec. 
6. CONCLUSION AND REMARKS 
In this work a control aw is proposed for the solution of a nonlinear control problem, concerning 
steering a trolley in such a manner that it will pass through N given points in the (X, Y)-plane 
N at a prescribed set of times {Ti}i=l, respectively. Furthermore, as can be seen from (42) and the 
N 
choice of {Qi}i=2, (47), one can also prescribe the values of (~(Ti), 9(~'i)), i = 2 , . . . ,  N. The path 
controllability formulation, introduced here, separates the steering problem from the nonlinear 
dynamics by solving a simple control problem for a fourth-order linear system with the given 
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Figure 3. The  values of ¢(t) = Ca(t) as function of t, t E [0, t/]. 
path requirements. The N given points can be located along any prescribed trajectory. Thus, 
for N big enough, enabling the trolley to follow a path in the neighbourhood of the prescribed 
trajectory (see Figure 2). 
REMARK. For the sake of completeness we will show that the system given by (29)-(33) is 
controllable (see [3, p. 74], for the definition of controllability of nonlinear systems). First, the 
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set of equations (11)-(13) can be written as 
where ~ = (x, y, Ca) T, 
25 
(49) 
~1(~) _- ( (~)  sin~o, (~) cos~o,0) T , (5o) 
g2(~) = A cos Ca, A sin Ca, ~aa , (51) 
and wi, i -- 1, 2, are considered as the control functions. 
It is easy to check that the Control Lie Algebra [2], of (49) is given by, gl, g2, and g3 = [gl, g2] 
(since [gl,g3] = 0 and [g2,g3] = (a /La)2g l )  • Furthermore, det(~l,g2,g3) = a4/ (4L2) .  Hence, it 
follows from [3, p. 83], that  the system given by (11)-(13) is controllable. Here 
Second, by using the transformation 
~1 = Ul + Blw~, fi2 = u2 - B2wl~2, (53) 
equations (29)-(33) can be written as 
= ~1(~)w1 + ~2(~)w2, (54) 
dwl d~2 
dt  = i l l ,  d---t- = ~2.  (55) 
Since the system given by (11)-(13) is controllable, it follows, [11], that  the system given by 
(54), (55) is controllable. That  is, the system given by (29)-(33) is controllable. 
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